THE FREIDLIN-WENTZELL LDP WITH RAPIDLY
GROWING COEFFICIENTS

P. CHIGANSKY AND R. LIPTSER

ABSTRACT. The Large Deviations Principle (LDP) is verified for a ho-
mogeneous diffusion process with respect to a Brownian motion B,

¢ ¢
X7 ::vo+/ b(Xf)ders/ o(X5)dBs,
0 0

where b(z) and o(x) are locally Lipschitz functions with super linear
growth. We assume that the drift is directed towards the origin and
the growth rates of the drift and diffusion terms are properly balanced.
Nonsingularity of a = oo™ (z) is not required.

1. Introduction

In this paper we extend the set of conditions, under which Freidlin-
Wentzell’s Large Deviation Principle (LDP) for a homogeneous diffusion
process remains valid. We consider a family {(Xf):>0}e—0 of diffusions,
where X} € R?, d > 1 is defined by the It6 equation

t t
Xf::z:o+/ b(Xg)ds+s/ o(X2)dB,, (1.1)
0 0

with respect to a standard Brownian motion By, where b(x) and o(zx) are
vector and matrix valued continuous functions of dimensions d and d x d
respectively, guaranteeing existence of the unique weak solution.

The classical Freidlin-Wentzell setting [8] (see also Dembo and Zeitouni,
[4]) is applicable to the model (1.1) with bounded b(z) and o(x) and uni-
formly positive definite diffusion matrix a(x) = oo*(x). Various LDP ver-
sions can be found in Dupuis and Ellis [5], Feng [6], Feng and Kurtz [7],
Friedman [9], Liptser and Pukhalskii [12], Mikami [15], Narita [16], Stroock
[23], Ren and Zhang [22]. In the recent paper [19], Puhalskii extends LDP to
(1.1) with continuous and unbounded coefficients and singular a(z), assum-
ing b(z) and a(x) are Lipschitz continuous functions (concerning singular
o(x) see also Liptser et al, [14]). Being Lipschitz continuous, the entries of
b, o grow not faster than linearly and, thereby, automatically guarantee one
of the necessary conditions for LDP (||-|| denotes the Euclidean norm in R?)

lim Tim &2 logP<sup X5 > c) = 0, VT > 0. (1.2)
C—o00e—0 t<T
Relinquishing the linear growth condition for b, 0 would require additional
assumptions providing (1.2).
This paper is inspired by Puhalskii’s remark in [19]:
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If the drift is directed towards the origin, then no restrictions
are needed on the growth rate of the drift coefficient.

In particular, in this case the LDP holds, regardless of the growth rate of
b(x), for a constant diffusion matrix (not necessarily nonsingular).

In this paper, we show that in fact LDP remains valid for (1.1) with non-
constant diffusion term, if its growth rate is properly balanced relatively to
the drift (see (H-3) of Theorem 2.1 below). Our result is formulated in terms
of Khasminskii-Veretennikov’s condition (H-2) (see [11] and [17], [18])

The rest of the paper is organized as follows. In Sections 2 and 3, the
main result, notations and preliminary facts on the LDP are given. Sections
4 - 6 contain the proof of the main result. Auxiliary technical details are
gathered in Appendices A - C.

2. Notations and the main result

The following notations and conventions are used through the paper.

- * denotes the transposition symbol

- all vectors are columns (unless explicitly stated otherwise)

- |z| and ||z|| denote the ¢; and ¢y (Euclidian) norms of z € R?

- (x,y) denotes the scalar product of z,y € R?

- ||z||2 = (x,T'z) with an nonnegative definite matrix T'

- a(z) = o(z)o*(x)

- a®(x) denotes the Moore-Penrose pseudoinverse matrix of a(z) (see
1))

- VV(z) is the gradient (row) vector of V(z):

VV(z) = (8(‘9/;? 8‘/("”))

- (M, N); is the joint quadratic variation process of continuous mar-
tingales My and Ny; for brevity (M, M), = (M),

- a.s. abbreviates “almost surely”; when the corresponding measure
is not specified the Lebesgue measure on R, is understood

- o is the locally uniform metric on Cg ) (R9)

- I denotes d x d identity matrix

- the convention 0/0 = 0 is kept throughout

- X = (X{)ixo

- inf{@} = occ.

0xy

We study the LDP for the family {X¢}._¢ in the metric space (Cj o) (R?), 0)
with o(z,y) = Y pe 1 27F (1Vsup,<y, |[we—uell), 2,y € Cjp o) (RY). Recall that
{X*}e—o0 satisfies the LDP with the good rate function J(u) : Cp ) (RY)
[0, c0] and the rate €2, if the level sets of J(u) are compact and for any closed
set F' and open set G in Cjg o) (R,

lim e®log P(X® € F) < — inf J(u),
e—0

uelF
lim e®log P(X® € G) > — inf J(u).
e—0 ue@

Our main result is



Theorem 2.1. Assume:
(H-1) the entries of b(x) and o(x) are locally Lipschitz continuous func-
tions,
(z,b(z))

H-2) li At hd 2 VA

_(z,a(z)r) i
Tl oy = Y =l >

(H-3) for some positive constants K and L,
L.

Then {Xf}e—o obeys the LDP in the metric space (Cpg ) (RY), 0) with the
rate €2 and the rate function

1 (OO || - 2
J(u) = {2 Jo™ lie = blue)go uydts - w € T
o0, u ¢ F,

where

ug = wo, duy L dt, [ ||w]|*dt < oo }
a(ug)a® (ug) [ty — b(ug)] = [ — b(ug)] a.s. J°

Remark 2.1. In the scalar case (recall 0/0=0)

I = {u € Cp,00) :

2
U . o .
Ju) =42 fo (72(t)t))dt’ duy = dt, uo = o, [;° uidt < oo

o, otherwise.

Example 2.1. A typical example within the scope of Theorem 2.1 is

t t
Xf—a:o—/ (X§)3ds+s/ | X2|3/2dB,.
0 0

3. Preliminaries

We follow the framework, set up by A.Puhalskii (see [20], [21]):

Exponential tightness } s LDP

Local LDP

The exponential tightness in the metric space (Cjp ), 0) is convenient to
verify in terms of, so called, C-exponential tightness conditions introduced
by A.Puhalskii (see e.g. [12]), based on the stopping times technique intro-
duced by D.Aldous in [2], [3]). To this end, let us assume that the diffusion
processes are defined on a stochastic basis (£2, F,F¢ = (%f)>0, P), satisfy-
ing the usual conditions, where the filtration F¢ may depend on &.

Recall (see [12]) that the family of diffusion processes is C-exponentially
tight if for any 7" > 0, n > 0 and any F¢-stopping time 6,

lim lim &2 logP<supHX8H > C’> —00, (3.1)

C—ooe—0

lim lim 2 log sup P<sup 1 X6, — X5 > 77) = —o0. (3.2)
t<

A—0e—0 0<T
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The family of diffusion processes obeys the local LDP in (Cjg ) (RY), o) if
for any T' > 0 there exists a local rate function Jp(u) such that

lim lim £ logP(supHXt — ]| < 5) < —Jp(u) (3.3)
0—0e—0
lim lim 2 logP(supHXS — ]| < 5) > —Jr(u). (3.4)
0—0e—0

Under the conditions (3.1)-(3.4), the family of diffusion processes obeys
the LDP with the rate €2 and the good rate function

J(u) = sgp Jr(u), u € Cy ) (Rd),

where .
JT(’U,) _ % fO Hut - b(“’t)Hz@(ut)dtv u € FT
o, u g FTa
with
up = o, duy < dt, [] |a]?dt < oo }
a(ug)a® (ug) [ty — b(ug)] = [ — blug)] a.s.

Thus the proof of Theorem 2.1 reduces to establishing (3.1) - (3.4).

I'r = {u S C[O,T} :

4. The proof of C-exponential tightness

4.1. Auxiliary lemma. Let ® be a nonlinear operator acting on continu-
ously differentiable functions V(x) : R? — R as follows:

DV () = (VV(2),b(x)) + 5(VV(x), () VV (x).

Lemma 4.1. Assume there exists twice continuously differentiable nonneg-
ative function V(z) such that

(a—l) th’—)oo inf||x||ZC V(.%') =0
(a-2) for some L >0, DV (z) <0, V ||z|| > L.

Then (3.1) holds.
Proof. Notice that (3.1) is equivalent to

< .
Ch_rgo ;gr(l)e logP(Oc < T) = —o0, (4.1)
where

Oc =if{t: |X;|>C}, C>0 (4.2)

are stopping times relative to F¢.
We use (a) of Proposition A.1 to estimate log P(©¢ < T'). An appropriate
martingale M is constructed with the help of function V(x ) Let ¥(x) be

the Hessian of V', namely a matrix with the entries Vj;(z) = 7 d(x) By the

It6 formula

Oc Nt
2V (X up) = € 2V (20) + / S (VV(X2), b(XE))ds
0

Oc At Oc Nt 1
+/ 5‘1(VV(X§),U(X§)CZBS)+/ 5 trace (\D(Xg)a(xg))ds.
0 0
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We choose My = ga_l(VV(Xg), 0(X%)dBs), which has the variation pro-
cess (M®)y = [7 e 2(VV(XZ),a(X5)VV(XE))ds. Clearly

= V(X5 n0) — €V (20)

g)g/\t
Oc At Oc At

- / e2(VV(XE), b(X5))ds — / 5 trace (W(X5)a(X5) )ds.
0 0

Hence, by the definition of ©, one gets

1 _ _
Mnr = 5 (M oort = 2V (X5 ,07) — 72V (20)

Oc AT 1 OcNT
- / * trace (W(X9)a(X5))ds / 2DV (XS)ds. (4.3)
0 2 0
On the set {O¢ < T'}, we have

6_2V(Xéc/\T) — e 2V(xg) > e ? inf V(z)—e 2V (xo),

lel>C
and
Oc AT 1 T
‘ / = trace (\I/(Xj)a(Xj))ds‘ < sup |trace (¥(z)a(x))],
0 2 2 ej<C
and, by (a-2),

OAT
- / 2DV (XE)ds
0
OcNT
> —’ / eIy xz <0y DV (XS)ds| > —°T sup [DV ().
0 lzl| <L
These inequalities and (4.3) imply
1 -2 . -2
Mo, = 5(Mee = €7 inf V(@) =V (w0)

_ T sup |trace (¥(z)a(x))| — 72T sup 1DV ()]
2 Jzl<c Jall<L

on the set {©¢c < T'}. Hence, due to (a) of Proposition A.1
e’logP(0c < T) <

. Te?
— inf V(x)+ V(xo) + — sup |trace (¥(z)a(z))|+T sup |DV(z)|

lz|=C (B lzl|<L
— — inf V(z)+ V(zo)+T sup [DV(z)|
e |z <L

and it is left to recall that by (a-1) limg_o inf||x||zc V(z) = oco. O
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4.2. The proof of (3.1). We apply Lemma 4.1 to
ol

V@) = Tl

with a positive parameter ¢ < 4+ for K from (H-3) of Theorem 2.1. The
function V' (z) is twice continuously differentiable and satisfies (a-1). It is
left to show that V(x) satisfies (a-2) as well.

: : : _ oetlzDlell x
Direct computations give VV (z) = ¢ 4 Te)? T Denote

_ CA D]

"= T a2
and notice that r(z) < 1. By assumption (H-2) of Theorem 2.1, one can
choose L > 0 sufficiently large so that (z,b(z)) < 0 for any ||z|| > L. On the
other hand, by assumption (H-3) of Theorem 2.1, —1 + 2% < -3
for ||z|| > L and

rx Ar2(z) (z, a(x)z
DV(x) = (c(x)(g;,b(x))_i_ (z) (z,a(x) ))

2 (eI

r(x 0272
B <_C||(:c||)\<%b<f>>| * |er2 )

:Cr(m)um,b(azm(_Hcr(x) (2, a(2)2) )

el ElEE)
@bl [, ¢ (waa)
=T ( EIE |<x,b<w>>|)
1 b))
= 3
and (a-2) follows. O

4.3. The proof of (3.2). The obvious inclusion
{ sup 11X, — X511 > n}
t<A

c {sup||XG,, — X51l > n. Oc = o} J{Oc < T}
<A
reduces the proof to verifying

Tim Tim 21 P( Xe, — XS >n, Oc = ):f 4.4
Jinm, iy &7 log sup tsupll o+t — X5l >n, Oc = o0 oo (44)

for any fixed C. Indeed if (4.4) holds, then

lim Tim 221 P( X5, — X¢|| > )
fimm, i < log sup tsupH o+t — Xgll >n

< lim lim &2 logs P(s X XE>79:)
A@oslﬂ% gegg up || 0+t — gll >n, Oc =

\/ lim hma logP(@c < T)

C—o00e—0
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and, thus, (3.2) is implied by (4.4) and (4.1). So, it is left to check (4.4) for
any entry xj of X7:

lim Iim £2 log su P(su To, ., — Tp| > Oc = ):—oo.
Jimm, i & log sup t§p|0+t ol >n, 6c =

An entry of X7 satisfies
t
xi =z —l—/ veds +emg,
0

where ;7 is F°- adapted continuous random process and m; is F*-continuous
martingale with (m®), = fo 2ds. Since b and o are locally Lipschitz continu-
ous functions, there isa constant lc, such that |’y§)c Al <lcand ,u,E@C e
Taking into account that

0+t
sup‘/ ds)>77, Oc = © }Q{ZCAZU}ZQ, for A < n/lc,
t<A

it is left to verify

lim lim £2 log su P(su ems emi| >mn, O :oo> = —0o0.
AT g9<g t<£’ O+t — ol >n, O¢

Due to the obvious inclusion

{ sup |emg; —emp| >, Oc = oo} =
t<A

{tsgp |5m9 AB+t) — 5mE@C/\9| >1, Oc = OO}

- {fllp lemg cAO+t) EMG gl > 77},

we shall verify

lim lim 2 log su P(su emé —emg > )z—oo.
AL I g6<g t<£’ OcA(B+t) ocnol > 1

Notice that nj := emyg, 544 — Mg g 1 @ continuous martingale relative

6-+t)
t0 (F§.nos1)t>0 (see e.g. Ch. 4, §7 in [13]) with (n®), = g2 @@CCX\@(QH) psds <

e%lct. By the statement (d) of Proposition A.1, P(sup;cp [nf| > n) <

2e~1"/(@le? L) g6 that Tim._,oe2log P(supicp nf| > n) < —Qﬁﬁ vy
= —
—00. O

5. Local LDP upper bound
We start with the observation that (3.3) holds if for any 7" > 0

Tim Tim &2 1ogp(sup X5 — w| <8, Oc = oo) < —Jp(u), (5.1)
6—0e—0 t<T

since by the inclusion

{sup 16 — < 0} € {oup 167 il <. 00 = oo} J{oc < 7}
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we have

lim lim £% log P(sup | X7 — ue]| < 5)

6—0e—0

< lim lim €2 logP(bup||Xt—utH<(5 Oc = )\/EglogP(@CgT),

6—0e—0

and, by (4.1), the last term goes to —oc as C' — 0.
The proof for ug # xg or duy < dt is standard (see e.g. [4]) and is omitted.
The rest of the proof is split into several steps.

5.1. up = xo, duy K dt, fOT ||es||?ds < oco. Define the set
o = { sup X7 — | <6, O = oo}
t<T

With a continuously differentiable vector-valued function )\(s) of dimension
d, let us introduce a continuous local martingale U; = fo (s),e0(X¢)dBs)

Ui—0.5(U)s

and its martingale exponential 3; = e , where

(U) = /0 E2(A(s), a(X2)A\(s))ds.

It is well known that 3; is a continuous positive local martingale, as well as
a supermartingale. Consequently, Ezr < 1 and, therefore,

1> EI{Q[}}T. (52)
The required upper bound for P(2() is obtained by estimating 37 from below
on 2. Since U; = fo ),dXE —b(XE)ds),

Up — 0.5(U)p =
T 52
/0 [(A(s),dX5 = b(X2)ds) — S (A(s), a(X)A(s))ds| =

2

T ) €
| [0 =) = S0 atw)r )]s 653
T T
+/0 (A(s),dX; — tsds) —l—/o (A(s),b(us) — b(X5)ds

T 62
+ [ SO0 ) — a5 ) s

We derive lower bounds on the set 2 for each term in the right hand side of
(5.3). Applying the Ito6 formula to (A(t), X7 — u¢), and taking into account
that X§ = ug, we find that

T T
(N(T), X5 — ur) = /0 (\(s), dXZ — t,ds) + /0 (A(s), XE — ug)ds.

Therefore,
T
/ (A(s),dX; — usds)
0

> —|(MT), X5~ ur)| - | /OTQ(s), X — ug)ds| > —r16,



with r; :=r1(A\,T,C) > 0, independent of ¢.
Further, with r; := r;(\,T,C) > 0, ¢ = 2,3, due to the local Lipschitz
continuity of o and a, we find that

/OT(A(S),b(us) = b(X5))ds = —r2(A,C,T)é

2

Hence with r := 7 + 79 + £2r3,

T 2
/0 —(A(9), [a(us) — a(X5)|A(s))ds > —52r3()\, C,T)é.

52

T
log 57 > /0 [(A(s), s — blus)) — E(A(s),a(us))\(s))}ds — (AT, C)0.

Set v(s) = €2\(s) and rewrite the above inequality as:

I , 1
logsr > 5 [ [0). = b)) — 5 (0(s), alus)v(s)]ds
0
_r (12 T, c) 5.
€
This lower bound, along with (5.2), provides the following upper bound

T
e2log P(2) < —/0 [(y(s),us — b(uy)) — %(V(S),a(us)l/(s))]ds

+ s%(%, T, 0)5.
€
Clearly lim._, EZT(E%,T, C) < oo and, hence,

lim Iim £2 log P(EZ[)

6—0e—0
g . 1
< _/0 [(V(S)aus —b(us)) — §(V(S), a(us)u(s))] ds. (5.4)

Since the left hand side of (5.4) is independent of v(s), (5.1) is derived by
minimizing the right hand side of (5.4) with respect to v(s). Two difficulties
arise on the way to direct minimization:

- the matrix a(us) may be singular
- the entries of v(s) should be continuously differentiable functions.

Assume first a(us) is a positive definite matrix, uniformly in s, and write

((5), ity = b(us)) — 5 ((5), s (5)) = i — B2 10,

1 _ ) 2
— 5@ @) (v(s) — a7 ) i — b)) |
If the entries of a~!(u)[us — b(us)] are continuously differentiable functions,

then, by taking v(s) = —a~!(us)[ts — b(us)] we find that

o 1 [T
lim lim % log P (2A) < —2/ llits — blus)||? yds. (5.5)
0

—1
5—0e—0 a= ! (us

In the general case, due to fOT ||s]|>ds < oo, the entries of a1 (us)[tis —b(us)]
are square integrable with respect to the Lebesgue measure on [0, T]. Choose
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a maximizing sequence v, (s), n > 1, of continuously differentiable functions
such that lim, fOT Hyn(s) — a Y (ug)[is — b(us)]H2ds = 0. Since all the
entries of a(us) are uniformly bounded on [0, 7

T
. 1/2 | _— 2 _
nll_}n;o Ha (us) (Vn(s) — a™" (us) [tts — b(us)]) H ds =0
and (5.5) holds too.
Now we drop the uniform nonsingularity assumption of a(us). The upper
bound in (5.5) remains valid with a(us) replaced by ag(us) = a(us) + BI,
where f3 is a positive number and I is (d x d)-unit matrix:

1T 2
lim lim e*log P () < —2/0 [[s = b(us)ll ()1 12 d5-

6—0e—0

For any fixed s, the function ||is — (us)H j-1 increases with 5 | 0

s)+BI
and by Lemma B.1 possesses the limit

. . 2
/]313}) ||lts — b(us)||[a(us)+ﬁ1]_1

e — blu)2 a(us)a®(us)[ s — b(us)]
_ [ s = b(us)liGo ), = [its — b(us)]

0, otherwise.

Thus the required upper bound

lim lim £2 log P (Q[)

d—0e—0

Q(US)Q@(US)[ s — b(us)]

s S d’
g — [y Bl = b(us)|2s ,, ds = [its — b(us)], a.s.

o0, otherwise

follows by the monotone convergence theorem.

5.2. ug = xg, duy K dt, fOT ||1ls||2ds = oo. We emphasize that du; <

dt on [0,T] implies fOT ||lis||ds < oo and return to the upper bound from
(5.4). Since b and o are locally Lipschitz, one can choose a constant L
(depending on u(s)), so that, |(+(s), b(us))| < [b(us)[[[(s)]| < L] (s)] and
(v(s),a(us)v(s)) < L|jv(s)||*>. Then, (5.4) implies

T
Tim T < 1og P(2) < — /0 [0/05), ) = L) = 5 s)]?] s

Let vy,(s) be a sequence of continuously differentiable functions, approxi-
mating the bounded (for each fixed p > 0) function L™1i 4, <py in the

sense that limy, o fo ||Lusl{||us||<p} vn(5)||?ds = 0. Thus,

1 , T
T 108 P(2) < 5 [ i PTgasppds + [ s~ o0

Too as p T o <oo
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6. Local LDP lower bound.

If limg_,0 lim._,0 €2 log P(SUptgec/\T | X7 — w| < 5) < —Jr(u) = —o0,
then the corresponding local LDP lower bound is —oo as well and hence
only the case Jp(u) < oo is to be considered, i.e. we may restrict ourselves
to analyzing test functions with the properties:

(1) ug = o
(i) duy < dt

(iii) a(ut)a@(ut)[ut — b(ut)] = [Ut — b(ut)] a.s.

T
(iv) / lete — () |2yt < 00, ¥ T >0
0

T
v) / s 2t < oc.
0
Another helpful observation is that (3.4) holds if for any C' > 0

lim lim &2 logP( sup || X7 — w < 5) > —Jr(u) (6.2)

5§—0e—0 t<OcAT

due to

{ swp IXF —wl <o} € {sup]|X7 —ui <5} {00 <7}

t<OcAT

and (4.1).

6.1. Nonsingular a(x). In this section, the matrix a(x) is assumed to be
uniformly nonsingular in = € R, in the sense that a(z) > BI for a positive
number 5. Let A(s) := U_l(X‘E)[uS — b(X%)] and introduce a martingale

U, = OQCM 1(X(s),dBs) and its martingale exponential 3; = eUt=0-5U)

t < T, where (U), = [ L||x(s)]ds.

By (iv) and (v) of (6 1), (U}T < const. and hence E37 = 1. We use this
fact in order to define a new probability measure Q° by dQf = 37dP. Since
37 is positive P-a.s., P < Q° as well and dP = 3;1dQ5.

We proceed with the proof of (6.2) by applying

PE) = /@1 5 dQ (6.3)

to the set A = {sup;co ar | X§ — ue| < 6}, and estimating from below the
right hand side in (6.3). In order to realize this program, it is convenient to
have a semimartingale description of the process ch A under Q°. Recall
that the random process Bg, ¢ is a martingale under P with the variation
process (B)o.nt = (Oc A t)I. It is well known (see e.g. Theorem 2, Ch.
4,85 in [13]) that Bon¢ is a continuous semimartingale under Q° with the
decomposition B at = Bt + AP, where By is a martingale (under Q) with

(B); = (B)oat and, by the Girsanov theorem,

OcAt
A= [ e i - bl
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In particular,

Oc At _
Xéont = uoent + 6/0 o(X5)dBs, t<T, Q°-as.

As the next preparatory step we derive the semimartingale decomposition of
U; under Q°. As before, the continuous martingale U; under P is transformed
to a semimartingale under Q°:

Ut:ﬁt—{—Ag

with continuous Qf-martingale Uy, having the variation process (U), = (U)y,
P- and Q®-a.s., and a continuous drift AV = (U);.

Thus, U; = ﬁt + (U)y, t < T, Q%-a.s. and, thereby, 3;1 = e_ﬁT_%<U>T.
Consequently, (6.3) is transformed to

P() = /ﬁ exp (U — S (U)r)dQr

. 1 Oc AT ) E
= few (=Or—gm [ I b0 s

We are now in the position to derive a lower bound for the right hand side.
Replacing 2 with a smaller set 2 N B, where B = {‘aQUT‘ < 7]}, write

- n 1 Oc AT
P(A) > - - — s — b(X¢ - ds | dQ°.
W= [ e (=g [ =MD ) Q

By the local Lipschitz continuity of b, ¢ and the uniform nonsingularity of

a(),

it = X 2 ey — s = D)2 1| < o]l +1)%, 6 < 1,

on the set 2N B for any s < @¢ AT. Then,
~ ol
PE) > [ exp(- 42 <||us|| +1)%ds
ANB

1 Oc AT
= ety = b(u)|2-1 ., ds ) dQ°
0

n 510/ 2
> _ 1 s+ 1)2d
> [ e (=5 =5 [ i+

1 /T )
_252/0 ity — boss) 2, ) dQ°.

Consequently,

~ T o~
lim £%log P(2A) > —77—510/ (lis]| +1)%ds — Jr(u) + lim € log Q° (AN B).
0

e—0 e—0

We prove now that lim__,,£? log Q° (Ql N %) = 0 by showing

lim Q°(2\2A) =0 and limQ°(2\B) =0.
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To this end, recall that

. Oc Nt
2\ A= 5 sup H / o(X%)dB
t<T

>0}

OcAT (6.4)
2w ={ef [ oo, b,

We verify (6.4) componentwise. Let L denote any entry of [ Ocnt o(X¢ )dés
or [N o1 (XE)[its — b(XE)]|dBs. We show that
£

igr%)Q (ssup‘L‘>5)—Oand th(‘L }>6)—0 (6.5)

In both cases, L§ is a continuous Q®-martingale with (L¢); = fo s)ds and
Jo fo s)dsdQ° < oo. Then (6.5) holds by Doob’s inequality:

thE(ssup|L5‘>6 <5 // dsdQE—>0

e—0 t<T

Now, for any fixed § and 7,

e—0

_ T
lim e2log P(A) > —n — 5lc/ (||s | + 1)2ds — J(u).
0

The required lower bound

lim lim % log P(2) > —J7(u)

6—0e—=0

follows by taking lim, g lims_,. O

6.2. General a(x). This part of the proof requires perturbation arguments.
The idea is to use the already obtained local LDP lower bound for the
uniformly nonsingular a(x). Let W; be a standard d dimensional Brownian
motion, independent of B, defined on the same stochastic basis. Since b
and o are assumed to be locally Lipschitz continuous, one can introduce the
perturbed diffusion process controlled by a free parameter 5 € (0, 1]:

t t

XF =z + / b(XP)ds + ¢ / [0(X2P)dB, + \/BdWy). (6.6)
0 0

The process Xf’ﬁ, defined in (6.6), solves the It6 equation Xf’ﬁ = x9 +

fg Xe’ﬁ ds+e fg (X5 B)—}—BI]l/QdB? with respect to a standard Brownian

motion B,? = Jila( XE’B) + BI)"Y2[o(X5P)dB, 4 v/BdW). Then the family

{(Xt‘E )i<T }e—0 satisfies the local LDP lower bound. Indeed, the matrix

ag(x) is uniformly nonsingular, its entries are locally bounded and satisfy
the assumption (H-3) of Theorem 2.1 since

(t.a5(@)2) _  (w.a(x)r)
lal 1. b ~ Tall 1. b)) 1. b))

and % converges to zero as ||z|| = oo by (H-2). In particular, with

6L = inf{t : | x7”

]

+ 68

| > C} and ug = zg, duy < dt, fOT i) 2dt < oo, we
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have

lim lim 2 log P sup || X7 — u,| <) >
d—0e—0 tS@g/\T

1T
- 2/0 ||uS - b(u5)||%a(us)+ﬁl)*ld3~ (67)

Further, we will use (6.7) to establish

1 T
lim lim £2 log P(sup 1XE — we|| < 5) > —2/ s — blus) |2 . ds. (6.8)
T 0

0—0e—0 t<

To this end, we introduce the filtration G* = (¥4f)¢>0, with the general
conditions, generated by (Xf,Xf’B)tZO and notice that both O¢ (see (4.2))
and @g are stopping times relative to G*. Hence,

Th =00 NOY, (6.9)
is a stopping time as well relative to G*. Obviously,
lim lime2logP(72 < T) = —oc.
i, T 7 osp(r2 < 7) = -

However, the proof of (6.8) requires a stronger property:

< T) = 0. (6.10)

Q=

lim lim e?log sup P(T
C—oo0e—0 B€(0,1]

It is clear, that (6.10) is valid if it is valid with Tg replaced by 9@. The
latter is verified along the lines of Lemma 4.1 proof:

e?log sup P(@g <T)<— inf V(z)+ V(xo)

Be(0,1] [|lz||>C
Te?
+—— sup sup ’trace (\Il(:c)[a(:c)%—ﬁl})w—T sup sup ISDBV(QJ)‘
2 e sl <c Be(0.1] |le|<L

—— — inf V(z)+ V(zg)+T sup sup |DgV(z)| —— —o0,
=0 |=z)>C (=) (z0) Be(o,l}lleSL| g ()‘ C—o0
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where D5V (z) = (VV(2),b(z)) + 3(VV(2),as(x)VV (z)). We are now in
the position to prove (6.8). With § < Y4 write

sup X7~ wl < o}

t<TEAT
={ s X -l <O sup X7 - x77) < 51
t<TOAT t<TONT
U{ s 157 —wll < s { sup Iz =77 > 61/}
t<TEAT t<TEAT
c{ swp X7 =il < B sup (1XF - X7 < Y
t<TEAT t<TEAT
U{ sw Ix7 - x77) > 874}
t<TEAT
c{ sup X7 —wil <28 L] s X7 - X7 > 814
t<TEAT t<TEAT

c {oup x5 — il <28 (S sup X7 - x50 > 74}
t<T

t<TEAT
U {Tg < T}

Hence,

P(sup X7~ <9) < 3{P<§EIT> X5 = wil) < 28Y/4)

tSTg/\T

\V/P( sup |1X7 - x;7

t<TEAT

| > ﬁ”“) \/P(Tg < T)}

Clearly, @g can be replaced by Tg, and so

1 T
— = s — b(ug)||? _1ds < lim £2 1o P(su X:—ul| <2 1/4)
5 | =B g -1 < im o sup X7 — ] < 25
\/Tim ?1ogP( sup X7 - X;7)| > 5Y/4)
thg/\T
\/HeQIOg sup P(TéﬁT). (6.11)

e—0 66(071]
Next we use the following facts:
(1) by Lemma B.1 and (6.1),

T T
. . 2 _ . 2 .
i [ i = b0 gy oy = [l = b 2o s
(2) by Lemma C.1,

lim Tim =2 log P sup | X7 — X7 > 81/4) = —oc;

B—0e—0 tgrg/\T
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(3) by (6.10), limg o0 lim. 0 €% log supge g 1) P(Tg < T) = —o0.

Hence, passing to the limit § — 0 and then C' — oo in (6.11) and taking
into account (1)-(3), one gets the required lower bound

1 (T
lim lim &% log P(Sup | XE — uel| < 251/4) > _/ |5 — b(us)||§@(u yds.
3020 +<T 2 Jo y

O

APPENDIX A. Exponential estimates for martingales

Proposition A.1. (Lemma A.1 in [10]) Let M = (Mi)i>0, My € R, be
a continuous local martingale with My = 0 and the predictable variation
process (M), defined on some stochastic basis with general conditions. Let T
be a stopping time, o and B positive constants and A some measurable set.

(a) if M- — 3(M); > a on 2, then P(A) < e™;

(b) if My > a and (M), < B on A, then P(2A) < e %5;
(c) P(supyer M| > a, (M) < B) < 2¢~ 35

(d) P(supy<r |Mi| > a) < 2¢~38 \ P((M)7 > B).

»

APPENDIX B. Pseudoinverse of nonnegative definite matrices

Let A® be the Moore-Penrose pseudoinverse matrix of A (see [1]).

Lemma B.1. For d x d nonnegative definite matriz A and x € R?,

l|%e, AA®z =2

lim (z, (A + BI) '2) =
ﬂli%(x( AN z) {oo, otherwise.

Proof. Let S be an orthogonal matrix, S*S = I, such that D := S*AS is
a diagonal matrix. Then, due to S*(A + fI)S = D + SI, we have S*(A +
BI)71S = (D + BI)~! and S(D + BI)~1S* = (A + BI)~L. Write (y := S*z)
(z,(A+ D) "'z) = (2, S(D + BI)"1S*z) = (S*xz, (D + BI)~15*z)
= (y,(D + L) "'y) = (y, (D + BI) "' DD%y)
+(y, (D + )11~ DD®)y).

Since limg_,o(D + BI)"'DD® = D®, one gets

li D + BN 'DD%) = |lyl|%e = ||z|3
ﬁlg%(y,( + A1) y) = lyllpe = llzll4e

while limg_,o(y, (D + B81) "1 (I— DD®)y) # oo only if (I— DD®)y = 0. Since
the latter condition is nothing but (I — AA®)z = 0, the desired statement
holds. U
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APPENDIX C. Exponential negligibility of th’ﬁ - X;
We start with an auxiliary result.

Proposition C.1. Let Y; be a nonnegative continuous semimartingale de-
fined on a stochastic basis (with general conditions):

t t
Yt:/ hl(s)sts—i—E/ ha(s)YsdM!
0 0

+a\/B/0t hg(s)\/?de;’Jre?ﬁ/ot ha(s)ds, (C.1)

where hi(s),i =1,...,4, are bounded predictable processes and M{, M| are
continuous martingales, d{M"yy = m/(t)dt, d(M")y =m" (t)dt, (M', M"), =
0 with bounded m/(t) and m”(t). Assume that for any T > 0 and 8 > 0,

lim lim £? logP(sup Y > L) = —00. (C.2)
L—ooe—0 t<T

Then, for any T > 0,

lim lim &2 logP<sup ‘Y! > 51/4> —00.

B—0e—0

Proof. Obviously Y; solves the integral equation

t
Y = & / &1 [a\/ﬁhg(s)ﬁzdw + 525h4(s)d5},
0

where & = exp (fg[hl(s) — £20.5h3(s)]ds + fo eha(s)dM]}). Let for definite-
ness |h;| <r, where r is a constant. Then with e <1,

sup | log &| < T(r + 0.5r%) +sup‘ / ha(s)dM.|.
t<T t<T

Hence the random variable sup,<r [log &/ is bounded on the set

{sup|e /hg )dM| < C}.
t<T

Moreover, it is exponentially tight in the sense that

lim lim € log P(sup|log5t] > C) —00. (C.3)

C—o0e—0

The latter is implied by

lim Tim £2log P sup] / ho(s)dM!| > C) (C.4)
C—o0e—0 t<T

since the martingale N; = ¢ fo ha(s)dM! has the quadratic variation pro-

cess (N); = &2 fot h%(s)m’(s)ds and, with some positive number 71, we

have e2h?(s)m’(s) < e?r1. Then, by taking into account that P((N)p >

627“1T) = 0 and applying the statement (d) of Proposition A.1, we obtain

P(supcr [Ne| > C) < 2¢~C%/(2*nT) providing (C.4).
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Now we estimate sup;<7 |Y;| on the set { sup,<7 |log&| < C'}. Write

t
sup |Yy] < e“Tre? B + e sup ‘/ EVe\/Bhs(s)/YodM|.
0

t<T t<T

This upper bound and (C.2), (C.3) reduce the proof of Proposition C.1 to:

lim lim 2 log P sup‘/ Eten/Bhs(s)\/Yed M

1/4
>
B—0e—0 1<T ﬂ

sup/Y; < L, sup|log&| < C) = 0
t<T t<T

for any C' > 0 and L > 0. Introduce the martingale

t t
N = / £ e/ Bhs(s)\/Yod M with (N"); — / E£722 812 () Yam (s)ds
0 0

and denote ¢ = {SUpth\/?t < L, supgep|log&y| < C}. With ro >
h3(s)Lm/ (s), we find that
(N")p < e2CryTe?B.
Hence,
P(sup |N/| > ,81/4,6) = P(Sup IN/| > B4 (N < eQCrgTEQB,Q)
t<T

<P(sup|N”|>[31/4 (N"\p < eXCr TEQﬁ)
t<T

By (c) of Proposition A.1 the latter term is upper bounded by

1/2

2 exp (W) .

Then we obtain
1

2e2CryTAY2 30

lim &2 10gP(sup|Nt"| > ﬁ1/4,€) < -
E—0O0 t<T

We apply Proposition C.1 in order to prove
Lemma C.1. For any T > 0 and C > 0,

lim lim &2 logP( sup HXaﬁ XEH >,6’1/4) = —00.
A—0e=0 t<rBAT

Proof. Recall that X§ and X; # solve (1.1) and (6.6) respectively and Tg is
1 1 576 — 6»:8 _ €
given in (6.9). Set A;” = XrgAt Xrg/\t' By (1.1) and (6.6),

ToNt
7/8
+e/0 (o(X5} )_g(ngAs))st +€\/BWTg/\t'
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Due to the local Lipschitz continuity of b and ¢ and with 0/0 = 0, the
vector-valued and matrix-valued functions:

718 7ﬁ
b(XEﬁ/\s) N b(Xaﬁ/\t) O-(ng/\s) N O-(Xig/\s)
s) = =7 and g¢(s) = =3
1A 1A
are well defined and their entries are bounded by a constant depending on
C. Hence

5 Tg/\t Tg/\t
2= [ s+ [ (5)4Bs + /AW, 5,
0 0

Since HA85H2 (Aa”g AV B) by the Itd formula, we find that

|a8)2 = /O AT (AP, f(s))ds

Tg/\t
e / A AL, g(s)dBy)
0

(C.5)

+s\f/ (NP, AW,)

TONE
+&2 / ||A§’B||2 trace [g(s)g*(s)]ds
0
+ 52,8(7'g At)d.

e,B ~ e,B
Now, by letting ¢(s) = W and dBs = W, we rewrite
(C.5) as

Tg/\t
e A I S COR trace[g(s)g*(s)])ds

B A
oA (0S8 aw,
ve [ iazpas, +sf/ a2
0 s

+28(rE At)d. (C.6)
With the notations

- Yy = A7)

- hl(s) = {Tﬂgs}{ﬁb(s) +&” trace[g(s)g" ()]}
- ha(s) =1

- (5) = {Tﬂgs}d

4A57, g(s)g" (5)057)

, 15712

5 AN 7%

- M = OTC/\t27( 2 ;ﬁ s), m”(s) =4,
1Al

the equation (C.6) is in the form of (C.1). Since h;(s), i = 1,...,4 are

bounded and VY, = |yX€BM B/\tH < ||X€gM\|+||X§gM|| <2C,ie., (C.2)

holds too, the statement of the lemma follows from Proposition C.1. O

- M} = By, m/(s) =
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